Abstract. We study pseudoholomorphic discs with boundaries attached to a real hypersurface E in an almost complex manifold of dimension 2. We prove that if E contains no discs, then they fill a one sided neighborhood of E.
Introduction
The modern development of the analysis on almost complex manifolds began after the work of Gromov [3] who discovered its remarkable applications in symplectic geometry. One of the main tools of his approach is the Bishop discs, which are pseudoholomorphic discs with boundaries attached to a prescribed real submanifold; they have been used later by several authors.
On the other hand, the method of Bishop discs is a well known and powerful technique of the geometric complex analysis in several variables (see, for instance, the expository papers [8, 10] ). The results concerning the geometry of Bishop discs in almost complex category usually are based on the methods of the traditional complex analysis but still are not so precise and general. The main goal of the present paper is to develop a systematic and general approach to the study of the Bishop discs in almost complex manifolds.
Our main result is the following Theorem 1.1 Let E be a real hypersurface in an almost complex manifold (M, J) of complex dimension 2. Suppose that E contains no J-holomorphic discs. Then Bishop discs of E fill a one-sided neighborhood of every point of E.
In the case of the standard complex structure, the corresponding result was obtained by Trépreau [7] for real hypersurfaces in I C n and by the second named author [9] for generic submanifolds of arbitrary codimension in I C n . Although the restriction on dimension is used in our paper, this is mainly due to technical reasons and we believe that after a suitable modification our approach can be generalized to higher dimension.
We now explain the organization of the paper and the main steps of our approach. Section 2 is preliminary and contains basic properties of almost complex manifolds, pseudoholomorphic discs and some special coordinate systems on almost complex manifolds used throughout the paper. In Section 3 we derive different versions of the Bishop equation for pseudoholomorphic discs. It can be viewed as a non-linear boundary value Riemann-Hilbert type problem of a quasilinear elliptic system on the complex plane. We prove that the Bishop discs attached to a real hypersurface at a given point form a Banach manifold and give an efficient local parametrization of this manifold. As an application in Section 4 we prove Theorem 1.1 under some additional restrictions (the pseudoconvexity, or finite type conditions). In particular, we prove Theorem 1.1 in the real analytic category. Our considerations there are geometrical and are based on non-isotropic dilations of suitable local coordinates which allow to represent the above mentioned boundary Riemann-Hilbert type problem as a small perturbation of the corresponding problem for the standard complex structure in I C n . Section 5 is dedicated to the analysis of the Bishop equation for pseudoholomorphic discs and is principal for our approach. Similarly to [9] we study the tangent space of the manifold of Bishop discs and find its parametrization by a space of holomorphic functions solving the corresponding linearized boundary value Riemann-Hilbert problem for elliptic systems by means of the generalized Schwarz integral. It turns out that the proof of Theorem 1.1 given in [9] for the standard complex structure does not go through in the almost complex category. The proof in [9] is based on the notion of the defect of a disc. For a Bishop disc through a fixed point in the hypersurface E, the infinitesimal perturbations of the direction of the disc at the fixed point and those of another boundary point of the disc are restricted in the same way, according to the defect of the disc. Surprisingly, in the almost complex case the two are unrelated. Baouendi, Rothschild, and Trépreau [1] interpret the defect of a disc in terms of the lifts of the disc to the cotangent bundle attached to the conormal bundle of E. Although an almost complex structure admits natural lifts to the cotangent bundle of an almost complex manifold (see, e.g., [12] ), seemingly, they don't give rise to a correct notion of the defect of Bishop discs.
In this paper we develop a new approach using some other ideas of [9] (Section 3). We show that the condition of tangency to the hypersurface E of all Bishop discs attached to E at a point p is equivalent to the vanishing of some non-linear operator Φ defined on the Banach space of discs and valued in the space of smooth functions on the unit circle. We show that the Frechet derivativeΦ of Φ up to smoother terms is equal to the multiplication operator by the Levi determinant of E. This implies that E is Levi flat along the boundaries of the Bishop discs through p, which leads to a contradiction. Hence there exists a transversal Bishop disc, whose perturbations fill a one sided neighborhood of E.
This paper was written when the first named author visited the University of Illinois at Urbana-Champaign during the Spring semester 2005. He cordially thanks this institution for hospitality and excellent conditions for work.
Preliminaries
In this section we briefly recall some basic properties of almost complex manifolds.
Almost complex manifolds
Let (M, J) be an almost complex manifold. Everywhere below we denote by ID the unit disc in I C and by J st the standard complex structure in I C n ; the value of n is usually clear from the context. Let f be a smooth map from ID into M. We say that f is J-holomorphic if df • J st = J • df . We call such a map f a J-holomorphic disc or a pseudoholomorphic disc.
The following frequently used statement shows that an almost complex manifold (M, J) of complex dimension n can be locally viewed as the unit ball IB in I C n equipped with a small almost complex deformation of J st .
Lemma 2.1 Let (M, J) be an almost complex manifold of complex dimension n. Then for each p ∈ M, each δ 0 > 0, and each k ≥ 0 there exist a neighborhood U of p and a smooth coordinate chart
Proof : There exists a diffeomorphism z from a neighborhood
δ (IB) for positive δ small enough, we obtain the desired result.
Let (M, J) be an almost complex manifold. Denote by T M the real tangent bundle of M and by T I C M its complexification. Recall that
we consider the set of complex forms of type (1, 0) on M:
M} and the set of complex forms of type (0, 1) on M:
Denote by Z = z w the standard coordinates in I C 2 (in the following matrix computations we view Z as a column). Then a map Z : ID −→ I C 2 is J-holomorphic if and only if it satisfies the following PDE system
where A(Z) is the complex 2 × 2 matrix of the operator whose composite with complex conjugation is equal to the endomorphism (J st + J δ (Z)) −1 (J st − J δ (Z)) (which is an antilinear operator with respect to the standard structure J st ). Since J(0) = J st , we have A(0) = 0. However, we will need a more precise choice of coordinates imposing additional restrictions on A.
Lemma 2.3 Let Z 0 be a J-holomorphic disc sufficiently close in the C k norm for some
Then there exists a local coordinate diffeomorphism in a neighborhood of Z 0 (ID) such that in the new coordinates we have
Moreover, in the new coordinates we have A(0, ζ) = 0, A Z (0, ζ) = 0 for ζ ∈ ID.
Proof :
After a local change of coordinates we have Z 0 = 0 ζ . The J-holomorphicity condition of Z implies that in these coordinates we have
So the main step is to perform a change of coordinates in order to achieve the desired restrictions on A. First, we derive the rule of transformation of A under local diffeomorphisms.
Now consider the local change of coordinates of the form z ′ = a 10 z + a 01 z + a 11 zz + O 3 (z),
where a jk , b jk are smooth functions of w and O 3 (z) denotes a function vanishing to order 3 with respect to z. In the new coordinates the disc Z 0 does not change. We have
The condition A ′ (0, w ′ ) = 0 implies
and therefore
Hence the condition A ′ (0, w ′ ) = 0 determines the functions a 01 and b 01 for given α, β, a 10 and b 10 .
Thus without loss of generality we assume that A(0, w) = 0 and a 01 = b 01 = 0. This also implies that A w (0, w) = A w (0, w) = 0. So we need to achieve
We also have
Then the condition A Their general solutions (which are in one-to-one correspondence with the space of holomorphic functions in the unit disc) are in detail described in [11] . This completes the proof of the lemma.
Let E be a real hypersurface through the origin in I C 2 equipped with a smooth almost complex structure J. Even if J(0) = J st , the Levi for of E with respect to J at the origin does not coincide with the Levi form with respect to J st . However, if the coordinates are normalized similarly to the previous lemma, we can easily compute the Levi form. Proof : We can assume that E is given by
where Q(Z) is a complex quadratic form and H(Z) is a hermitian quadratic form. It is sufficient to consider the Levi form of ρ at the origin evaluated on the vector V = (0, 1). So
(the existence of such a disc follows by the classical Nijenhuis-Woolf theorem, see for instance [6] ). It follows from the assumption on the matrix A and the J-holomorphicity of Z that w ζ = aζ + o(|ζ|) so that w ζζ (0) = 0. Therefore ∆(ρ • Z)(0) = H(V ) which proves the lemma.
Bishop discs and the Bishop equation
Let (M, J) be a smooth almost complex manifold of real dimension 2n and E a generating submanifold of M of real codimension m. A J-holomorphic disc f : ID −→ M continuous on ID is called a Bishop disc if f (bID) ⊂ E, where bID denotes the boundary of ID. The existence and local parametrization of certain classes of Bishop discs attached to E are obtained in [5] . Here we give a more precise description of small Bishop discs which will be used in our constructions.
Bishop's equation as the Riemann-Hilbert type problem for elliptic PDE systems
Let E be a smooth generic submanifold in a smooth (always supposed C ∞ ) almost complex manifold (M, J) defined as the zero set of an IR m -valued function ρ = (ρ 1 , ..., ρ m ) on M. Then a smooth map
continuous on ID is a Bishop disc if and only if it satisfies the following non-linear boundary problem of the Riemann-Hilbert type for the quasi-linear operator ∂ J :
In order to obtain a local description of solutions of this problem we fix a chart U ⊂ M and a coordinate diffeomorphism Z : U −→ IB where IB is the unit ball of I C n . Identifying M with IB we can assume that in these coordinates J = J st + O(|Z|) and the norm J − J st C k (IB) is small enough for some positive real k in accordance with Lemma 2.1. (Here k > 1 can be chosen arbitrary; we assume it for convenience to be real positive non-integral and fix it throughout what follows.) More precisely, using the notation Z = (z, w), z = (z 1 , ..., z m ), z = x + iy, w = (w 1 , ..., w n−m ) for the standard coordinates in I C n , we can also assume that E ∩ U is described by the equations
with vector-valued C ∞ -function h : IB −→ IR m such that h(0) = 0 and ▽h(0) = 0. Similarly to the proof of Lemma 2.1 consider the isotropic dilations d δ : Z → Z ′ = δ −1 Z. In the new Z-variables (we drop the primes) the image E δ = d δ (E) is defined by the equation ρ δ (Z) : δ −1 ρ(δZ) = 0. Since the function ρ δ approaches x as δ −→ 0, the manifolds E δ approach the flat manifold E 0 = {x = 0}, which, of course, may be identified with the real tangent space to E at the origin. Furthermore, as seen in the proof of Lemma 2.1, the structures J δ : (d δ ) * (J) converge to J st in the C k -norm as δ −→ 0. This allows us to find explicitly the ∂ J -operator in the Z variables.
Consider now a J δ -holomorphic disc
where A J,δ(Z) is the complex n×n matrix of an operator the composite of which with complex conjugation is equal to the endomorphism (
(which is an antilinear operator with respect to the standard structure J st ). Hence the entries of the matrix A J,δ (Z) are smooth functions of δ, Z vanishing identically in Z for δ = 0.
Recall that the Cauchy-Green transform is defined by
According to the classical results [11] this is a linear continuous operator
The arising non-linear operator
takes the space C k (ID) into itself. Thus, Z is J δ -holomorphic disc if and only if Φ J,δ (Z) is a holomorphic disc (in the usual sense) on ID. For sufficiently small positive δ the map Φ J,δ is an invertible operator on a neighborhood of zero in C k (D) which establishes a one-to-one correspondence between the sets of J δ -holomorphic and holomorphic discs in IB n . These considerations allow us to replace the non-linear Riemann-Hilbert problem (RH1) by the generalized Bishop equation
for an unknown holomorphic functionZ in ID.
IfZ is a solution of the boundary problem (5), then
is a Bishop disc with boundary attached to E δ . Since the manifold E δ is biholomorhic via isotropic dilations to the initial manifold E, the solutions of the equation (5) allow to describe the Bishop discs attached to E. Of course, this gives just the discs close enough in the C k -norm to the trivial solution Z ≡ 0 of the problem (RH). We will call such discs small.
Schwarz-Green formula and Bishop's equation
This is also useful to give a more explicit form of the Bishop equation as a non-linear system of singular integral equations. Let
denote the average value of f on bID and let
denote the Schwarz integral. Consider also the Cauchy integral
We note
We begin with a version of the Cauchy-Green formula replacing the Cauchy kernel by the Schwarz kernel; this is a variation of the classical results [11] .
Then the function g is holomorphic on ID because ∂ ζ T f ζ (ζ) = f ζ (ζ) and the functions Su and T f ζ (1/ζ) are holomorphic. Furthermore, Re g| bID = 0 since Re Su| bID = u (in the sense of limiting boundary values from inside) and 1/ζ = ζ, T f ζ (ζ) = T f ζ (1/ζ) for ζ ∈ bID. Hence g = ic where c is a real constant. We prove that c = v 0 .
It suffices to show that P 0 T f ζ = 0 for every f . By the Cauchy-Green formula we have on ID:
Applying the Cauchy integral to the equality (7) we obtain Kf = KKf + KT f ζ . Then KT f ζ = 0. For every f we have P 0 f = (Kf )(0). Hence P 0 T f ζ = KT f ζ (0) = 0 (actually KT f = 0 for every f ). This proves the proposition.
Let now E be a generic submanifold of codimension k in an almost complex manifold (M, J) of complex dimension n. Fixing local coordinates, we can assume that E is a submanifold of I C n through the origin, J(0) = J st . Similarly to [10] we can also assume that E is given by the following parametric equations
where Z ∈ I C n are the standard complex coordinates and t ∈ IR k is a parameter. Furthermore,
Let Z : ζ → Z(ζ) be a J-holomorphic Bishop disc for E in a sufficiently small neighborhood of the origin. Then it satisfies the J-holomorphicity equations
Since the disc Z takes its values in a neighborhood of the origin small enough, the norm of the matrix A also is supposed to be small. The boundary condition Z(bID) ⊂ E means that
for some function t(ζ) on bID. Set
Then we obtain that the map z satisfies the following Bishop equation:
For a given non-integral α > 1, sufficiently small function t(ζ) ∈ (C α (bID)) k , and c 0 ∈ IR n this equation has a unique solution of class C α (ID) by the implicit function theorem. In particular, if E is given by the equations
can be used for Bishop's equation (8) .
We can modify Bishop's equation to define Z(1)
Then we have the modified Bishop's equation
where t(1) = t 0 . The solution satisfies Z(1) = Z 0 . We point out that it follows immediately from the equation (8) or (9) that Bishop's discs depend smoothly on deformations of the almost complex structure J.
Parametrization of discs
Let p be a point of a generic submanifold E in an almost complex manifold (M, J). Fix local coordinates so that E is defined by (2) and p = 0. Our goal is to describe the solutionsZ of the generalized Bishop equation (5) satisfying the condition Φ −1 J,δ (Z)(1) = 0. Our argument is similar to [5] .
Let U be a neighborhood of the origin in IR, X ′ a sufficiently small neighborhood of the origin in the Banach space (
are holomorphic discs, then we denote byZ the holomorphic discZ = (z,w).
J,δ (Z) and consider the map of Banach spaces R :
Let φ be a C 2k -map between two domains in IR n and IR m ; it determines a map ω φ acting by composition on C k -smooth maps g into the source domain: ω φ : g → φ(g). The wellknown fact is that ω φ is a C k -smooth map between the corresponding spaces of C k -maps. In our case this means that the map R is of class C k .
Lemma 3.2 The tangent map
(the partial derivative with respect to the space X) is surjective.
Proof : This is easy to see that the map DR defined by the equality
for anyẐ = (ẑ,ŵ) ∈ X. Recall that the Hilbert transform H can be defined as a singular integral operator
The operator H is a bounded linear operator on C k (bID) for any non-integral positive k. Set
and q ∈ I C n−m we setẑ = u + iT 1 u + ic and denote byŵ a holomorphic function satisfyinĝ w(1) = q. Then DR(ẑ,ŵ) = (u, c, q) so the map DR is surjective. Moreover, its kernel is canonically isomorphic to the space (
Therefore, by the implicit function theorem there exist
is the unique solution of generalized Bishop's equation (5) belonging to V 1 × V 2 and satisfying the condition Φ −1 J,δ (Z)(1) = 0. Now, the pullback Z = Φ −1 J,δ (Z) gives us a J δ -holomorphic disc attached to E δ and satisfying Z(1) = 0. Thus, the initial data consisting ofŵ ∈ (C k (ID) ∩ O 1 (ID)) n−m define for each small δ a unique J δ -holomorphic disc Z 0 = Z(ŵ)(•) attached to E δ and satisfying Z 0 (1) = 0. We will call this disc Z 0 the lift ofŵ attached at p = 0 (we write Z p (ŵ) for an arbitrary p). Since the almost complex structures J and J δ are biholomorphic via isotropic dilations, we can give the following description of local solutions of Bishop's equation (the problem (RH1)). 
The proof follows from the above analysis of the Bishop equation. One merely fixes some value of δ, 0 < δ ≤ δ 0 and observes that the families of Bishop discs corresponding to distinct values of δ = 0 are taken into one another by the corresponding dilations.
In what follows we say that a J-holomorphic
The representation (9) of Bishop's equation is convenient since the structure J and defining functions of E appear explicitly in the coefficients of integral equations. This implies immediately that solutions depends smoothly on deformations of the structure. In particular, if E 1 and E 2 are C 2k -close submanifolds of I C n defined by equations of the form (2) and J 1 and J 2 are C 2k close almost complex structures, then there exists a (locally defined) diffeomorphism between the corresponding C k Banach submanifolds of Bishop discs A J 1 0 and A J 2 0 that depends smoothly on the pairs E j , J j , j = 1, 2, and is the identity in the case of equal pairs.
Moreover, if we apply the implicit function theorem to the equation (9) we obtain that every Bishop discs is uniquely determined by the initial data Z 0 and t(ζ). Thus, we obtain another parametrization of the manifold A 4 Filling by pseudoholomorphic Bishop discs: pseudoconvex and finite type cases
In this section we consider the case where E is a real hypersurface. The following simple statement will be crucially used. 
Proof :
We can assume that Z is the lift ofŵ ∈ (C k (ID) ∩ O 1 (ID)) n−m (defined in the proof of Proposition 3.3). It follows by Proposition 3.3 that for every point q ∈ E in a neighborhood of p there exists a disc Z q (ŵ) (the lift ofŵ attached to E at q) which is a small deformation of Z. So the normals Z q ([0, 1]) of these discs at 1 fill a one-sided neighborhood of p.
If Z is a Bishop disc attached to E at p = 0, the tangent space T Z (A J p ) of the manifold of Bishop discs attached at p consists of mapsŻ : ID −→ I C n withŻ(1) = 0 satisfying a Riemann-Hilbert type system of the form
where the matrix valued coefficients a, b, c involve Z ζ and the values of the matrix A and its derivatives A Z and A Z on the disc Z. This system is obtained by varying the Bishop equation. The solutionsŻ of this problem are called the infinitesimal variations (or infinitesimal perturbations) of the disc Z. The last proposition means that if the space of discsŻ satisfying the above conditions contains a disc with the normal derivative vector at 1 transversal to E, then Bishop disc fill one-sided neighborhood of E. In this section we study the above linear Riemann-Hilbert problem by geometric tools: using suitable nonisotropic dilations of coordinates we represent it as a small deformation of the corresponding Riemann-Hilbert problem for the usual ∂-operator. An analytic study of this problem is postponed to section 5.
We will need the following statement. Proof : According to [9] the manifold A J 0 p contains a disc transversal to E at p ∈ E. Since the manifolds A J p depend smoothly on J, they also contain a transversal disc if J − J 0 C k is small enough.
Of course, a similar statement remains true if E is a generic submanifold in (M, J 0 ) minimal in the sense of [9] .
Pseudoconvex hypersurfaces
As a first consequence we obtain the following The above result remains true for arbitrary dimension (see [1] for the case of I C n ).
Proposition 4.4 Let
at 0 fill a real sphere in the holomorphic tangent space H Jst q (E 0 ). By continuity, a similar property holds for δ small enough so there is a point in E δ admitting a germ of a J δ -holomorphic disc in any complex tangent direction and containing in E δ . This contradiction shows that the manifold A J p contains a transversal disc and we apply Proposition 4.1.
As a corollary we obtain the following global version of this statement.
Corollary 4.5 Let ρ be a C
2 plurisubharmonic function on an almost complex manifold. Suppose that for some c ∈ IR its level set E := ρ −1 (c) is a compact hypersurface of class C 2 which contains no germs of holomorphic discs. Then there exists a neighborhood U of E such that Bishop discs of E fill U ∩ {ρ < c}.
Finite type hypersurfaces
Consider a real hypersurface E in an almost complex manifold M of complex dimension 2. By its type we mean the supremum of tangency order of E with regular holomorphic discs at p ∈ E (the properties of finite type hypersurfaces in almost complex manifolds are studied in the recent work [2] ).
Proposition 4.6 If E is of finite type, then its Bishop discs fill a one-sided neighborhood of every point of E.
Let an integral m > 1 be the type of E at the origin. There exists a regular disc Z such that
We can choose local coordinates so that Z(ζ) = (ζ, 0) and the J-holomorphicity conditions for a map (w, z) : ID −→ I C 2 have the form
where
Indeed, we can identify M with I C 2 equipped with an almost complex structure J such that J(0) = J st . Using the classical result of Nijenhuis-Woolf (see, for instance, [6] ) we construct a foliation of a neighborhood of the origin in I C 2 by a family of J-holomorphic discs containing Z. Similarly, consider also a transversal foliation. After a local diffeomorphism the discs of these foliations become translations of coordinate axis. In this system of coordinates the above equations hold and Z has the above form. Moreover, the matrix J becomes diagonal by blocks:
where P and S are real 2 × 2-matrices satisfying P (0) = S(0) = J st . In view of condition (10) the Taylor expansion of r is these coordinates has the form
where p m is a non-zero homogeneous polynomial of degree m in w, w and q 1 (0) = 0.
Lemma 4.7 The polynomial p m contains at least one non-zero non-harmonic term.
Proof : We need the following statement due to Ivashkovitch-Rosay [4] . 
Suppose by contradiction that p m (w, w) = (h m w m + h m w m )/2. Consider the map φ(ζ) = (ζ, −h m ζ m ). In view of (11) it satisfies the hypothesis of the last proposition so there exists a J-holomorphic disc U of the form u = (ζ, −h m ζ m ) + o(|ζ| m ). Then ρ • u = o(|ζ| m ) which contradicts the condition that the type of E at the origin is equal to m. This proves the lemma. Now we are able to finish the proof. Consider the non-isotropic dilations Λ δ : (w, z) → (δ −1/m w, δ −1 z). Since in our system of coordinates J is given by a real (4×4)-matrix diagonal by (2 × 2)-blocks, the structures J δ := (Λ δ ) * (J) tend to J st in C α -norm for any positive α. The hypersurfaces E δ := Λ δ (E) tend to the hypersurface E 0 = {Re z + p m (w, w) = 0} which is of finite type in view of the last lemma. So we can apply Proposition 4.2.
We also point out that a Bishop disc transversally attached to E 0 easily can be given quite explicitly without using the general theorem of [9] . Consider a holomorphic function of the form w(ζ) = e iθ (ζ − 1) where a value of the parameter θ ∈ [0, 2π] will be chosen later. After a standard biholomorphic change of coordinates we can assume that the polynomial p m contains no harmonic terms, so that p m = m−1 k=1 q k w k w m−k so that for ζ ∈ ∂ID we have
Let z be a holomorphic function on ∆ such that Re z| ∂ID = h and z(1) = 0. The normal derivative (Re z) ν (1) at 1 (that is the derivative with respect to Re ζ) of Re z is given by the derivation of the Poisson integral (since h(1) = 0):
By the Cauchy residue theorem we obtain that the last integral is equal to
where α k are some non-zero constants coinciding up to the signs with certain binomial coefficients. But this expression does not vanish after a suitable choice of θ. So for any ε > 0 the map ζ → (εw(ζ), ε m z(ζ)) is an (arbitrarily small) Bishop disc transversally attached to E 0 at the origin.
If E is a real analytic hypersurface in a real analytic almost complex manifold of complex dimension 2, then E is of finite type if and only if it contains no holomorphic discs. This implies our main Theorem 1.1 in the real analytic category.
Corollary 4.9 Let (M, J) be a real analytic almost complex manifold of complex dimension 2 and E be a real analytic hypersurface in M. Assume that E contains no J-holomorphic discs. Then the Bishop discs of E fill a one-sided neighborhood of every point of E.
A suitable modification of this method leads to a similar result in arbitrary dimension. We say that a real hypersurface E in an almost complex manifold (M, J) is of finite type m at point p ∈ M if the exists a complex tangent vector X to E at p such that any regular J-holomorphic disc tangent to X has the order of tangency with E less or equal to m.
Proposition 4.10 If E is a real finite type hypersurface in an almost complex manifold (M, J) (of an arbitrary dimension), then its Bishop discs fill a one-sided neighborhood of every point of E.
We can assume that local coordinates are chosen so that the disc Z = (ζ, 0, ...., 0) is J-holomorphic and J(0) = J st .
Then J = J st + R where R is (2n × 2n)-matrix formed by 2 × 2-blocks R kl and R(0) = 0. Moreover, it follows from the J-holomorphicity of Z that
Furthermore, we can assume that ρ(w 1 , ...,
Here p m is a homogeneous polynomial of degree m. Using the above Ivashkovich-Rosay proposition and repeating the former argument we obtain that p m contains a non-zero harmonic term, because the condition (12) implies that ∂ J vanishes with order m − 1 on the disc ζ → (ζ, 0, ...., 0, aζ m ). Finally, consider the dilations Λ δ (z) = (δ −1/m w 1 , δ −1 w 2 , ..., δ −1 z). Again using condition (12), we obtain that the structures J δ = (Λ δ ) * (J) converge to the standard structure J st in any C α norm. The hypersurfaces E δ = Λ δ (E) converge to the hypersurface E 0 : Re z + P m (w 1 , w 1 ) = 0 in I C n which of finite type with respect to J st . So we conclude as above.
Analysis of the Bishop equation
Our goal now is to prove Theorem 1.1 stated in introduction without any additional hypothesis of pseudoconvexity or real analyticity type. Everywhere we assume that we are within the hypotheses of this theorem. More precisely, we suppose that E = {ρ = 0} is a real C ∞ -smooth hypersurface in an almost complex manifold (M, J) of complex dimension 2. Since the statement is local, we work in local coordinates similarly to the previous sections. However, for technical reasons it is more convenient to consider Bishop discs attached to E at the point (0, 1). Thus we suppose that E is a hypersurface in I C 2 containing the point (0, 1) and we view our almost complex structure J as a real (4 × 4)-matrix function J : z → J(z). We also can assume that J(0, 1) = J st . Since in the present section matrix computations will play a substantial role, we everywhere write vectors Z of I C 2 as vector-columns. Recall also that a map ζ → Z(ζ) from the unit disc ID to I C 2 is J-holomorphic if and only if it satisfies the following system of equations:
where as above a complex (2 × 2)-matrix valued function A : Z → A(Z) is the matrix of the complex anti-linear operator (J st + J) −1 (J st − J). Of course, we consider here only maps valued in a small enough neighborhood of the point (0, 1).
Consider small embedded J-holomorphic Bishop discs attached to E at the point (0, 1); their existence is proved in Section 3. Given such a disc Z 0 there exists a local diffeomorphism such that in the new coordinates we have Z 0 (ζ) = 0 ζ , ζ ∈ ID (see Lemma 2.3). We denote again by J the representation of our almost complex structure in the new coordinates, J(0, 1) = J st . Our main goal is to establish the following Remark 1. The normalization condition (14) always can be achieved by a suitable change of coordinates which does not affect previous assumptions (see Lemma 2.3) .
Remark 2. The condition A • Z 0 = A Z • Z 0 = 0 implies that the Levi form of E with respect to the structure J coincides with the Levi form of E with respect to the structure J st at every point of the boundary of the disc Z 0 (Lemma 2.4). Thus, our proposition implies that the Levi form of E with respect to the structure J vanishes on the boundary of the disc Z 0 .
We provide the proof in the next three subsections.
Linearized Bishop equation
Consider a Bishop disc Z(ζ) = z(ζ) w(ζ) , ζ ∈ ID, attached to E at the origin and close enough to Z 0 . Then it satisfies the following boundary problem for the ∂ J -operator:
Since we only deal with small Bishop discs, we can assume that for any fixed k > 0 the norm A C k is small enough. Consider solutionsŻ of the corresponding linearized problem:
ByȦ(Z) we mean the Frechet derivative evaluated at the disc Z of the map Z → A • Z defined on the space of smooth discs Z : ID −→ I C 2 . In what follows we call the solutionsŻ of this linearized system the infinitesimal variations of the disc Z.
Consider the following change of (dependent) variables in the linearized system Z 1 := Z − AŻ. ThenŻ = I ′ (Z 1 + AZ 1 ) where I ′ = (I − AA) −1 and I denotes the identity operator. For the convenience in what follows we use the notation:
We have
Since A Z and A Z are 3-index tensors, the above multiplications are "symbolic". We get
By Lemma 2.3 we assume that on the disc Z 0 (ζ) = 0 ζ , ζ ∈ ID, we have
Consider the Frechet derivativesȦ 1 andȦ 2 of the maps A j : Z → A j • Z evaluated at the disc Z 0 . The condition A = 0 impliesİ ′ = 0. ObviouslyȦ 1 andȦ 2 are linear combinations ofŻ,Ż and ∂Ż with smooth coefficients depending on ζ, which we write in the forṁ
For the disc Z 0 we have ∂Z = ∂Z 0 = 0 1 . The expression for A 1 implieṡ
Surprisingly, this is all we need to know about the coefficients A j . We now express the boundary condition Re (ρ ZŻ ) = 0 in terms of Z 1 . We obtain
where we put
Then for the Frechet derivative of the map λ : Z → λ • Z evaluated at the disc Z 0 we havė
We perform now a change of variables simplifying the linearized Bishop equation. First note that the condition ∂z(1) = 0 fulfilled for all the discs implies ∂ż(1) = 0.
The described above change of variablesŻ → Z 1 = z 1 w 1 and the condition A(1) = 0 (recall that J(0, 1) = J st ) implies that ∂z 1 (1) = ∂ż(1). Thus for every Z 1 the conditions
where λ = (λ 1 , λ 2 ) is defined above. We assume that Λ is smoothly extended on the disc ID, although only the values on bID matter.
Consider the change of variables of the form W = ΛZ 1 with W = w 1 w 2 . Then ∂W = B 1 W + B 2 W where
The new dependent variable W satisfies the boundary condition
where γ is an arbitrary smooth real function with γ(1) = 0. For every γ we have
The expressions forȦ 1 andȦ 2 on the disc Z 0 implẏ
Solving the boundary value problem: the generalized Schwarz integral
One of our main tool in the proof of proposition 5.1 is an integral formula for solving a linear boundary Riemann-Hilbert problem for elliptic PDE systems on the complex plane.
Following [11] , we call it the generalized Schwarz integral. Consider the following boundary value problem
Recall the Cauchy integral K and the Cauchy-Green transform T are defined in the previous sections by (6) and (4). We also define the operators:
and
We also need the following operators:
We point out that the operator T * satisfies the following identities:
which one can verify directly. Then the solution of the above boundary problem is given by the Schwarz-Green formula:
Set W 0 = 2K 1 Γ. Then W satisfies the following integral equation
Consider the operators
where B j are viewed as operators of left multiplication by the matrix functions B j . Then W satisfies the following operator equation:
We solve this equation using that the norms of the operators L j are small. Then the solution has the form
where the resolvent operators R j are I C-linear. We now find an explicit expression for the resolvents R j . We have
Then (we temporarily drop the index 0 of W 0 )
Substituting the equality
into the expression for R 1 , we obtain
Since we deal with the geometric series, we can rewrite the last expression in the form
Hence R j are (smoothing) bounded operators C m −→ C m+1 for any non-integral m > 0. Note that
where O(2) is a sum of products of 2 or more operators
Recalling the expressions for L 1 and L 2 we conclude that R 1 is a sum of terms of the form
where each P j is one of T 1 , T 1 , T * 1 , T * 1 and F j is one of B 1 , B 1 , B 2 , B 2 . Moreover, P 0 is necessarily T 1 or T * 1 and F n is B 1 or B 2 . We now interpret the condition ∂w 1 (1) = 0. Since Γ = 0 γ , where γ is an arbitrary real function, we have W 0 = 0 ϕ , where ϕ is an arbitrary holomorphic function ϕ = 2K 1 γ.
Then the condition ∂w 1 (1) = 0 means that 
where the integrals converge in the usual sense. Let P be a scalar integral operator with kernel P (t, τ ) that is
Define the operators P + and P − as the integral operators with the kernels
Let |g| ≤ C be bounded and
Then f g ∈ C γ (ID) and f g C γ ≤ C ′ C f C γ for some constant C ′ . For γ = 1 lemma holds in Lip 1 (ID).
Proof :
Without loss of generality we can assume that |ζ 2 − 1| ≤ |ζ 1 − 1|. Then
where π arises because we may have to connect ζ 1 and ζ 2 by going around 1. Now consider the two cases separately: δ ≤ |ζ 2 − 1| and δ ≥ |ζ 2 − 1|. In both cases we get |∆| ≤ C ′ C f C γ δ γ , which proves the lemma.
In what follows we use the notation
We need the following three statements.
The proof follows immediately by the Fubini theorem and changing the order of integration.
if and only if for every holomorphic polynomial ϕ we have
Proof : The series 1
converges in L 1 (ID) for every fixed ζ ∈ bID. Integrating the series against F (τ ) yields
and the lemma follows.
Lemma 5.5 If P is one of the operators T 1 , T * 1 , T 1 , T * 1 , then P + and P − are bounded operators C α (ID) −→ C 1−β (ID) for every 0 < α < 1, 0 < β < 1.
We directly obtain the following equalities:
By using the equality T * = −KT , we obtain
We also need the following relation:
To obtain (20) we put ψ(ζ) = −
, then ∂ψ = µ. By the Cauchy-Green formula we have ψ = Kψ + T µ. Note that ψ(t)| bID = ζ(ζ − 1) so that Kψ = ζ(ζ − 1). Hence
Since (P ) + = P − , (P ) − = P + , it suffices to prove the lemma for P ∈ {T 1 , T * Similarly to Lemma 5.3 we will use the notation ∂ 1 f = ∂f (1). The property ∂ 1 R 12 ϕ = 0 for all holomorphic functions ϕ with ϕ(1) = 0, takes the form
where the summation includes all the terms in R 1 , so P 0 , ..., P n ∈ {T 1 , T * 1 , T 1 , T * 1 }, P 0 ∈ {T 1 , T * 1 }, F n ∈ {B 1 , B 2 } and (12) denote the corresponding matrix entry. By Lemma 5.3 this condition is equivalent to
2 , and ψ is an arbitrary holomorphic function. The series converge in C 1−β (ID). By Lemma 5.4 we further obtain
This property holds for every Bishop disc Z close enough to Z 0 with Z(1) = 0 1 .
Frechet derivative of Φ
In this section we consider the map
where the expression Φ•Z = Φ(Z) is defined by (21). This map is defined on a neighborhood of the disc Z 0 in a Banach manifold of J-holomorphic Bishop discs attached to E at (0, 1). The condition (21) means that in fact the map Φ vanishes identically, so its Frechet derivativė Φ at Z 0 does. So our main goal is to study the geometric consequences of the equalitẏ
Recall that an infinitesimal perturbationŻ of the disc Z 0 (that is a vector in
) is a solution to the following boundary value problem
This problem has been solved previously for infinitesimal perturbations of any Bishop disc. Now we need the solution only for infinitesimal perturbations of the disc Z 0 .
According to the previous subsection, we havė
where ϕ is an arbitrary holomorphic function in ID with ϕ(1) = 0. This allows to considerŻ and thereforeΦ as IR-linear operators applied to a function ϕ ∈ O(ID) ∩ C 1+α (ID), 0 < α < 1. For the target spaces, given integral m ≥ 0 and 0 < α < 1 we introduce the spaces C m+α 1 (ID) and C m+α 1 (bID) as spaces of functions which are C m+α except at 1. More precisely we say that f ∈ C m+α 1 (ID) if f ∈ L ∞ (ID) and for every ε > 0 we have f | ID\IB(1,ε) ∈ C m+α (ID\IB (1, ε) ), where IB(1, ε) denotes the disc of radius ε centered at 1. We define C m+α 1 (bID) similarly. We do not introduce norms in these spaces, nevertheless, we say that P is a bounded operator C we have + IB (1,ε) in the definition of each operator using the regularity of T and T * .
Since F n ∈ {B 1 , B 2 } in each term of every sum Σ ′ or Σ ′′ in the expression for Φ, we have for the Frechet derivative of Φ:
As usual the dots denote the Frechet derivatives and a 1 , a 2 , b 1 , b 2 ∈ C 1−β are 2 × 2-matrices; the norms of a j , j = 1, 2, are small.
Furthermore, each function a ∈ {a 1 , a 2 , b 1 , b 2 } actually is in C m+α 1
(ID) for all m ≥ 0, 0 < α < 1. Indeed, a has the form a = P n (P n−1 (...P 1 (F 0 )...)F n−1 ).
Since F j are smooth, then each term in the above sum is C m+α 1
for all m and α by lemma 5.6. To show that a ∈ C m+α 1 we split the terms containing m or more operators P j into finitely many groups of the form P n (P n−1 (...P n−m+1 ( ...)F n−m+1 ...)F n−1 ).
Each group consists of the terms with the same P n , ..., P n−m+1 and F n−m+1 , ..., F n−1 . Then the inside summation is of class C 1−β by Lemma 5.5 and the result of each group is C m+1−β 1
by Lemma 5.6. We say that a ∈ C ∞ 1 (ID). Since F j ∈ {B 1 , B 2 , B 1 , B 2 } andŻ ∈ C 1+α , we haveḞ j ∈ C α (because the expressions 
The case of degenerate rank
Consider the case in which the boundaries of the pseudoholomorphic discs attached to E through a fixed point do not cover an open set in E. 
Proof :
We recall that A = 0 and A z = 0 on the discs Z 0 . Then as above we havė
where ϕ is an arbitrary holomorphic function with ϕ(1) = 0. Theṅ w = ϕ + R This implies that c = 0. Indeed, take ϕ = ψ n , where ψ has a peak at ζ 0 , that is ψ(0) = 0, ψ(ζ 0 ) = 1 and |ψ(ζ)| < 1 for ζ ∈ ID\{ζ 0 }. Then passing to the limit as n −→ ∞ we obtain that c = 0. This contradiction proves the lemma.
Since the rank of the map ϕ →Ż(ζ 0 ) is equal to 2, then there are k 1 , k 2 ∈ I C such thaṫ z(ζ 0 ) = k 1ẇ (ζ 0 ) + k 2ẇ (ζ 0 ) for all ϕ. The equalityŻ = Λ −1 W implieṡ z = −ρ −1 z ρ w ϕ + P 1 ϕ + P 2 ϕ,
